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ABSTRACT. A new proof is given of the unpublished results of Morlet
on the relation between the homeomorphism group and the diffeomorphism

group of a smooth manifold. In particular, the resule Diff(D”, 3) =

0""’1(Topn/ 0") is obtained. The main technique is fibrewise smoothing.

0. Introduction. Throughout this paper “'differentiable’” means C* differenti-
able. By a diffeomorphism, homeomorphism, pl homeomorphism, pd homeomor-
phism f: M — M, identity on K, we will mean a diffeomorphism, homeomorphism,
etc., which is homotopic to the identity among continuous maps b: (M, dM) —

(M, 9M), identity in K.

Given M a differentiable compact manifold, one considers Diff(M”, K) and
Homeo(M”, K) the topological groups of all diffeomorphisms (homeomorphisms)
which are the identity on K endowed with the C*- (C°)topology.

If K is a compact differentiable submanifold with or without boundary (possie
bly empty), Diff(M?, K) is a C™differentiable Fréchet manifold, hence

(a) Diff(M", K) has the homotopy type of a countable CW-complex,

(b) as a topological space Diff(M", K) is completely determined (up to home-
omorphism) by its homotopy type (see [4] and [13]).

In order to compare Diff(M", K) with Homeo(M®, K) (as also with the com
binatorial analogue of Homeo(M", K)), it is very convenient to consider the semi-
simplicial version of Diff(-++) and Homeo(: - ), namely, the semisimplicial groups
S%Diff(M™, K)) the singular differentiable complex of Diff(M”, K) and
S Homeo(M", K) the singular complex of Homeo(M”, K). If t: |[M"| > M is a
differentiable triangulation (see [26] or [21]) we can also consider the semisim-
plicial complexes PL(|M"|,¢~!(K)) and PD(|M"|, ¢, K) where PL(|M"|, t~1(K)) is
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a semisimplicial group. The k-simplexes are pl (piecewise linear) homeomor-
phisms

o: Alk] x |M7?] = Alk] x |M™|

Al%]

respectively, pd (piecewise differentiable ) homeomorphisms

o: AlR] x |M™| = Alk] x M®
\A[kl/

which commute with the first factor projection and restrict to the identity on
Akl x t~1(K). The right composite by ¢ induces a semisimplicial injective map
of the first semisimplicial complex into the second which is a homotopy equiva-
lence.

The semisimplicial groups SdDiff(- +), $ Homeo(+++), PL(-++) and the semi-
simplicial complex PD(***) suggest one should consider simultaneously the semi-
simplicial(3) groups Diff(M", K), Homeo(M", K), PL(IM"|, t~'K) and the simpli-
cial complex ’l;D'(M", t, K) whose k simplices are diffeomorphisms b: A[k] x M—
A[%] x M, homeomorphisms h: A[k] x M — Akl x M, pl homeomorphisms
b: Alk] x |M| — A[&] x |M| or pd homeomorphisms h: Alk] x |M| — Alklx M so
that the following properties are satisfied:

(1) b|AlR] x K = id, b|A[R] x K = id or 5|A[R] x ¢~ (K) = 1,

¢)) b(d!.A[k]x M)C diA[k] x M, b(diA[k] x |M])C diA[k] x M or
hd Al x M) C d,Alk] x M. '

—_—~— —~—~— A~

The group structure of Diff(*<+), Homeo(-+*), PL(--*) is given by composi-
tion. Surgery methods plus smoothing theory permit (at least from a theoretical
point of view) the description of the homotopy type of ﬁf-, ’P\I:, m (for homo-
topy groups see [2]). Our principal aim bere is to study Diff(M", K) and to get
information about its homotopy type. We do this by studying the relationship
between different groups, Diff, Homeo, PL,T)-in, m, and ﬁ. We use the
results obtained by comparing these semisimplicial and simplicial groups to get
information about Diff(M", K) and also about Top,, PL , Top and PL. The
present paper follows essentially these ideas. The main results are contained
in $4 of Part Iand §$5, 6, 7 of Part II, and they will be briefly reviewed below.
In order to state the results it will be convenient to fix some notations. Let M"
be a differentiable manifold and O(rn) — T% — M" the principal tangent bundle

(3) These simplicial groups and complexes have no degeneracies.
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of M. Because the inclusions O, — Top , O, — O, O, — Top, — Top, are
group homomorphisms, we can consxdet the pnncxpal bundle Top,, — T — M"
and also the principal bundles 0 — T — M”, Top — T' — M" associated with
0,— T? — M". We also consider the bundles Top, /0, = P* — M" and Top/0 —

? — M" associated in an obvious way. Because the bundles T > Mand T'—
M, come from an O, -principal bundle, the bundles P* — Mand P* — M have a
natural continuous cross-section (up to homotopy) s. If M" has nonempty
boundary, the bundle Top /O, — P'/0M — OM contains the subbundle

Top,_, /On_1 — 9P — GM. We denote by I'(P', s), respectively I'(P’, s), the
basepointed space of all continuous cross-sections of P! — M, respectively Pt—
M, endowed with the C o-topology and with s as base point.

We denote by I'(P?, °P*, s) the subspace of I'(P, s) consisting of those
cross-sections whose restrictions to M are cross-sections of P* — dM; by
ke, s), respectively I'K(PY, s), the subspaces of I'(-++) consisting of those
cross-sections which agree with s on K; and by FK(P‘, "P', s) the intersection
(P, °P%, s) nTK(P!, s).

Essentially the same constructions can be made in the PL case, modulo
some technical difficulties due to the fact that there is no naturally defined map
from O, into {PL R (4) We use instead the natural inclusion of $¢ 0, in PD_.
Under composition, 54 0, acts freely on the left of PD , while PL  acts freely
on the right of PD_ (of course the sides in whxch thcse groups act can be
reversed, by the usual trick). Writing O for 54 O we construct the bundle P?!
as follows: Let S?’ be the principal semlsxmphcxal tangent bundle of |M|. Since
PL — PD, is a homotopy equivalence, s? xpL PD is homotopy equivalent
toS g1 . Smce the action of O, on PD commutes w1th the action of PL , we may
divide by O,; and we set pel_ {(S’I XpL,, PD_)/O,}. Then we have the fibra-
tions {PD_ /O } — PPl — |M|, and {pD } —-»T"' |M|, where T?!=
{5« XpL,, PD } The bundles Tpl and P"l are constructed similarly. The
spaces of cross-sections l"(Pp , s) etc., are then defined.

The main result of $4 claims that for any K*=1lc OM, a compact differenti-
able submanifold of the boundary, there exist basepoint preserving continuous
maps

(1) i*:{S Homeo(M", K)/S°Ditf(M", K)} — I'K(P!, ?P!, s) and

@) % {PDM", K)/s?DifE(M™, K)} — TK(PPY, 2pPl 5)
which induce an injective correspondence for connected components and homo-
topy equivalence on any connected component (in case (1) n £ 4).

This theorem (for K= 0M as also for OM = &) has been announced by C.
Morlet in 1969 [20] (essentially it goes back to Cerf [6] who has conjectured and

(4) If X is a.semisimplicial complex, we denote by {X} its geometric realization.
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proven, for n = 3, that n'.(Diff(D", oD™)) = ”i+n+l(T°Pn /O")), but since then no
complete proofs have appeared. Partly, this work is our attempt to understand
and prove Morlet’s statement. Actually, it seems that the present proof is differ-
ent from Morlet’s ideas.

One should also notice that there exist basepoint preserving maps

(') T {Hlomeo(M", OM™)/Diff(M", aM™)} — T ™M(P*, 5) and

@') T#!: {PD(M", OM™)/Diff(M", oM™} — T *M(PP!, 5)
with a similar property. Moreover, we have the following commutative diagram

i*: {S Homeo (M", IM™)/s% Dif (M", oM")} —>-T"OM(p?, 5)

Nt e oun 7Y /5 Ff M5
i t: Homeo (M", dM™)/Diff (M*, IM"™) ——————>T" (P!, s)
and the corresponding commutative diagram involving i?! and 727,
In Part TI, we will give applications of Morlet’s result. The main theorem
of §4 enables us to extend results of Cerf and Wagoner-Hatcher to the pl and
topological cases. More precisely, if M" is a closed(5) differentiable manifold,

t: |M"| — M” a differentiable triangulation and

c4M™ = Diff (M" x [0, 1], M" x {0}),  C*(M™) = Homeo (M” x [0, 1], M” x {0})
and
cti(mM™) = PL(|M"| x [0, 1], |[M”| x {0])
then we derive 7 (C*(M™) % 7 (C'(M™)) = = (CP(M™)) (che first isomorphism
requires n £ 3, 4. .
To illustrate the usefulness of this result we recall, firstly, that Cerf (in the
simply connected case) and later on Hatcher and Wagoner (in general) have com=

puted ﬂo(Cd (M™)), and, secondly, notice the existence of the following commuta-
tive diagram with exact rows.

-m, (DIE(M™) - (DIFEM™)  ~ 7 (CHMM) > m (DI M) (DifE (M) =0
—m (PLAM™)  —>m BLOM™) o7 (CPUM™) —m (PLUM™) > (BL(M) —0
s (Homeo (M) - (Homeo(M™) - 7o(CX(M™) = (Homeo (M™) = n((Homeo (M™)—0

Another immediate corollary of the main result is Diff(D”, dD") ~
Qnt l(PLn /O")(G) (~ means homotopy equivalent). This fact enables us to define

(5) By closed manifold, we always mean a compact manifold without boundary.
(6) By abuse of notation we will sometimes write PL"/ On for {PDn/On}.
) FO(C(M")) is a quotient map of ﬂo(C(M")).
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in $7 a new multilinear pairing

= (Diff (D", D™) ® nfl ®...® nfk = Tyt gonrty (Diff (D" 3D)

for ’1<i+”"2<i+"+'1"""k<i+”+'1+'"+'1¢-1
the jth stable homotopy group of the sphere § %, This pairing allows us to check
for many pairs of indices (i, n) that ﬂi(Diff(D", aD™)) contains Z »* These come

putations improve considerably the list of nontrivial homotopy = (Diff(D", D™))

» Where 175 denotes

(see [3]), and also give the first examples of nontrivial elements in
ﬂi(Diff(D", dD™)) which survive in ",
integer k).

visl for i > n (as also for i > kn for any
In §5 we discuss the homotopy properties of Top,, PL_, Top, and PL and
give some new results and conjectures about their homotopy groups.
The major new technique of our proof is fibrewise smoothing in $2. I
enables us to prove in particular that a fibrewise smoothing of a topological
bundle is a differentiable bundle (Theorem 2.6).

1. The semisimplicial complexes of embeddings (E~), immersion (Im~), and
bundle representations (R™). Let M” be a compact connected differentiable mani-
fold with nonempty boundary, P" an interior collar of IM™ (i.e. P is the image
of a differentiable imbedding of oM x [0, 1] in M which restrict to the identity on
OM). We denote by M the open differentiable manifold M U M x [0, o) and by
M, =M UMx[0,al. Let z: |M?| — M be a differentiable triangulation (|M"|
being a pl-manifold) so that |P"|=¢" 1Pyisa pl interior collar. We define

[M| = |M] U M| x [0, =) and |M,|=|M| U J|M|xI[0,al]

and extend ¢ to a differentiable triangulation #: |M| — M.

We introduce the semisimplicial groups Diff(M", P), Homeo(M", P),
PL(|M"|, |P|) and the semisimplicial complex PD(M", t;. P).

The k-simplexes of these complexes are diffeomorphisms, homeomorphisms,
pl homeomorphisms or pd homeomorphisms

o: AlRlx M - Alk]l x M o: ALE] x [M| — AlR] x |M]|

N

Al] Alz}

o: Alk] x |M] - Alk] x M

Alx]



6 DAN BURGHELEA AND RICHARD LASHOF

which agree with the identity (respectively with ¢ in the pd case) on a neighbor-
hood of A[k] x P, The operators s; and di are obviously defined, and the compo-
sition makes Diff( ), Homeo( ), PL( ), semisimplicial groups.

Let N” be an open differentiable manifold and ¢': |[N| — N a differentiable
triangulation; we define the semisimplicial complexes

E4M", N), E4M, N), EP(M7|, N, EPY(M?|, N, )
and
™, N), ImfM7, N), ImP'(M7), IN]), ImP(|M7|, N)

as follows:
A kesimplex of E4(M”, N) or Im?(M", N) is an equivalence class of differen-
tiable embeddings or immersions

o: Alk] x M, - Alk] x N

/

Al%]

two such (al’ o ), (az, az) are equivalent if and only if g, and o, agree on
Alk] x M, witha<a 2. Analogously we define E(***)and Im(+*) for the ex-
ponents ¢, pland pd (s,’s and di’s are obviously defined). We will also need the

semisimplicial complexes

R4M™, N), RUM™, N), RPI(IM™|, N7, RPU(IM™|, & N™).
Rd(M", N). A k-simplex is a vector bundle representation ?‘, f

ALEY x T() Ly ATR] x T(N)

ARl x M _._f_> Alk] x N

/

i.e. 7 is a linear isomorphism in any fibre; (T(M) and T(N) denote here the tan-

Alk]

gent vector bundle of M and N).
R{(M”, N). A k-simplex is a germ of topological microbundle representation

b: Alk] x T(M™)—>Al%] x T(N™)

Alk]

(see also [17], [18]).
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R?Y(|M"|, |N|) and RP(|M"], N). A k-simplex is a germ of pl (pd) micro-
bundle representations

b: Alk] x T(|M™|) - Alk] x T(|N"|) b: Alk] x T(|M"|) — Alk]l x TN

Alk] Alk]

with T(|M"|) and T(|N"|) the pl microbundles of |M"|and |N| (for microbundle
terminology we refer to [1 71); for more details see ([9], [17]).

The restriction to P (respecitvely to |P|) defines the semisimplicial maps
rd, r, it % in the following commutative diagram (Figure 1). The unmarked
arrows are inclusions. The t,are injective semisimplicial maps induced by right
composition with ¢ and the ¢'*are injective semisimplicial maps induced by left

composition by ¢'.

d
(1)  E4M, N)L>E4pP, lN)

6 Im%M, N—> Im%P, N)
T

— 6

Im*(M, N—=In'(P, N)
r

‘]
3 EM, N) " EXP, N)

d
(1)  E4M, N\——>E%P, N)

\I\

tx t"l Im%(M, N)'—?lmd(P, N)
Y d ’
2 E?4(|M|, N)— —EP%(P, N tx t

Gl ¥

Y
Im?%(| M|, N——>Im(]P|, N)
r A

”" ’

lp, N)\ ¢ ty

Im?!(|M|, |N]) i w?!(|P|, |N])

ol
4  EPY(M|, |N)) —>E?

Figure 1

We also have the following commutative diagram (Figure 2) when 8", 5! are
the *‘differential’’ and 7%, 7', 0 are as before.
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Im¥(M, N)_'.i>lmd(lP, N) 52
f mwm N a’
r
Im*(M, N)—i>lm‘(P, N) 5t 6 6
\
5t nf(m,ﬁ%n«p, N 3)
Figure 2

Similarly, we have the corresponding pl-pd diagram, involving &% 4 5v! along
with 87, which we will not display, but which we denote by (2')and (4').

Theorem 1.1. (a) All semisimplicial complexes E*",Im""", R""" are Kan
complexes.

(b) The lines (1), (3), (4) of Figure 1 are principal Kan fibrations of semi-
simplicial groups Diff(M", P"), Homeo(M", P"), PL(|M"|, |P"|) and the lines
), "), "), 3), (4") are Kan fibrations.

(c) The semisimplicial maps t'* are all bomotopy equivalences.

(d) The semisimplicial maps 54,504, 501, 5t are all homotopy equivalences.

Theorem 1.1 is a collection of well-known facts. (Partly these statements
can be found in the literature in a slightly different context.)

(a) All semisimplicial complexes E***, Im**", R'"" with indices pl, pd, and
t are Kan because one can always find a pl retraction of A[k] on A[k] where
A'Tk] = AN Ine(a, A L&D

Rd( ) and lmd( ) are Kan by Lemmas 1.2 and 1.3 below.

(b) (1), (3), and (4) are principal Kan fibrations because Diff(M”, P"),
PL(|M"|, |P"|) and Homeo(M", P") act freely on E4(M”, N™), E?!(|M"|, IN"]) and
E‘(M”, N") and by the ambient isotopy theorem in the differential pl or topologi-
cal case (for the statement of the ambient isotopy theorem, see $2 below), the
cosets of these actions identify to a union’ of connected components of
Ed(P", N™), EPY(|P"|, |N"|) and E4(P", N"). (2) is a Kan fibration as a conse-
quence of the pd ambient isotopy theorem which can be easily observed from the
pl ambient isotopy theorem and differential triangulation [14], [21], or [26].

(1') is a Kan fibration by the extension property of continuous sections and
by Lemmas 1.2 and 1.3. For (3')and (4') see [18], respectively [8], and (2') fol-
lows from 3').

(c) is a consequence of triangulation techniques of J. H. Whitehead (see

[26]’ [2119 or B])-
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) 8", o*! are homotopy equivalences by immersion theory in the differenti-
able case due to Smale and Hirsch (see [10]), in the pl case to Haefliger-Poenaru [9],
and in the topological case to J. Lees [18] or [19]. Actually the semisimplicial
complexes Im? and R? are not the singular complexes of the spaces of immersions
and bundle maps, but they have the same homotopy type because of Lemmas 1.2
and 1.3.

If P is the image of a differentiable embedding b: oM x [0, 1] — M we con-
sider 5': OM x [0, 02) = M a differentiable embedding which extends b and denote
by P, the image of oM x [0,a), @ > 1, by B.

Lemma 1.2. (a) Diff(M", P") = inj lim, ,S“Diff(M", P") with
Sd(Diff(M”, Pa,)) - Sd(Diff(M", Pa,,)) the obvious semisimplicial inclusion in-
duced by the continuous inclusion Diff(M", P,,) C Diff(M", P,u), a'<a',

®) If Im(M, N), E(M, N) denote the differentiable Fréchet manifolds of C*-
differentiable immersions, respectively embeddings endowed with the C* -topology,
then In®(M, N) = inj lim, _,S*In(M,, N) and E*(M, N) = inj lim__ S?E%(M, N).

Lemma 1.3. (a) If X; is a seqiyence of Kan complexes and b X'. — Xi+1 a
sequence of semisimplicial maps then X = inj lim X; is a Kan complex.

() If all p, are homotopy equivalences, the semisimplicial maps pi: X,—
X, p* = lim, ~ooPip *** D;_10; are homotopy equivalences.

(c) Let f: X; =Y, be a sequence of Kan fibrations, pi(: X; =X, 0nd
p}': Y; = Y,,1 semisimplicial maps so that the diagrams

are commutative. Then [: X = inj limX, — inj lim Y is a Kan fibration.

¥ N =M, the inclusions P C Mand |P| C |M| define a basepoint (Osimplex)
in E4(P, M), E‘(P, M), E?!(|P|, |M|) and their differential a basepoint in
Rd(P, ﬁ), Ri(P, M) and RPX(|P|, |M|). Similarly, the triangulation ¢ restricted to
|P| defines a basepoint in E??(|P|, M) and R?%(|P|, M). All these basepoints
will be denoted by *.

Combining the diagrams (Figure 1 and Figure 2) and taking the fibres cor-
responding to * we ge.t the commutative diagram (Figure 3)
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sd

Diff (M”, P7) >R4wM", P M)

spd
PD(M™, 1, P")—> RO4(|M"|, |P7; M)
9 ']

pl ~
PL(M"|, |P™) — |— o ReI(m7), |P7], |H7))

‘Jf : Y
Homeo (M”, P™) 2 >RYM", P, M)

Figure 3

where R™""(M", P7"; M") denote the fibres of (1 "), 2"), 3") and (4") corresponding
to the basepoint *.

We note also that 8°* in the diagram (Figure 3) factors through i""":
R™'(M?, P, M") = R™""(M", P, M"), the semisimplicial maps induced by the inclu-
sion M” C M" and | M*| C |M"| and i """ are homotopy equivalences. Therefore we
have the following commutative diagram

d
Ditt (M”, P) 5 >R4M", P; M™)
d
PD(M", 1, P) d —>RP4(M"), |P"]; M)
Spl 1
PL(|M", |P"|)— >R?!(|M7|, |P|; |M™))
Y o \4
Homeo (M", P) > RYM?", P; M™)
Figure 3’

where R'’'(M”, P; M") are the semisimplicial subcomplexes whose simplexes
are germs of bundle representations which agree with the identity on P. It is
clear that R4(M", P; M"), R!(-+-) and RP/(-..) are semisimplicial semigroups
and 8%, 8%, and 8?! are homomorphisms. The semisimplicial group Diff(M®, P)
acts freely (on the left) of PD(M”, ¢, P) and the semisimplicial semigroup
R4(M", P; M™) acts on R?4(|M"|, |P"|; M") and 6%, 7% are compatible with
these actions.

Remark. The diagram (Figure 3') can be defined for any compact subset P
of M?, in particular for any compact differentiable submanifold of M® possibly
with boundary.
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If OM” £ &, r(M")/OM” identifies to 7(OM”) @ ¢, € being the trivial line
bundle. When N 2 OM we also need to consider the subcomplexes aRd(M", N; M™),
SRUM™, N; M7, PRPAIM™|, |N”|; M”) and *RPZ(|M7|, |N"|; M™), (IN"| = ¢~ (N™)
of R%-+), Ri(+++), RP(-++) and R?%(- - +) consisting of those simplexes

« o: AlR] x (M) ——> Alk] x f(M)

Alk]

of R™°(M, N; M) which satisfy
(a) o(AlR] x r(M)lA[k] x M) C A[k] x 7(M)|Alk] x OM and

®) olA[k]xaM =0l xidwitho' a k-simplex of R™""(dM; oM).

It is clear that if OMC N, aR‘"( «)=R™(-++). The reader could check without
any trouble that these semisimplicial complexes are Kan semisimplicial semi-
groups (except in the pd case).

Now we define the semisimplicial complexes a_l_{_m(' ++)and aﬁ’”(- *e),
OB'"(- +)C OE"'(- <) C aR'"(- ++) as consisting of those simplexes of 4 D
which restrict on Alk]l x M to the identity respectively, homeomorphisms. The
subcomplexes ?R™"(- ~.-),6ﬁ°"(- - +) except °R? 4(...)and *R?%(---) are semisim-
plicial groups (subgroups of °R**"(*++)), 8" factors through R™C¢-2)C
IR (- =y C R*(+++), 8%, 8%, 8! are group homomorphisms, R4(: ), IR4(...)
act freely on IRP4(...), "RP%(- . +) and these actions together with the action of
Diff(M", N) on PD({M"|, |N"|; M") are compatible by 6%, 5?%). We have the
commutative diagram (Figure 3")

— 8L
Homeo (M®, N)_— — 5t - = = =< xRYM"™, N; M™)
A & A
P R’(MI, N; M™) 7 0
Diff (M”, N) =~ e o TRRAM,N; M7
\ (//
Rém™, N; M™) .
PD M", N; -~ ] ¢ = >R?4(|M"|, |N|; M)
sod Y G

Re4(m7|, |N|; M)

Figure 3"
Proposition 1.4.

@  ORUM7, N; M)/ORAM™, N; ™) = ORHM™, N; M7)/ORAM™, N; M),
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@ 8de(| M, [N|; M™) /ﬂgd(Mn, N; M™) = ade(l M|, [N|; M™) /and(Mn’ N; M%),

(3) For any basepoint x € 'R%(M, N; M) the inclusion of pairs

ORM™, N; M), 6CRAM™, N; M) ¢ CRAM™, N; M™), 6CRAM™, N; M)

induces an isomorphism for homotopy groups (sets) in dimension i >1.

(4) For any basepoint x € "R*(M", N; M) the inclusion

ORP4( M7, |N], M), +, ORUM™, N7, M™)
C OR29(\ M), |N|; M™), £ IRAM", N*; N™)

induces an isomorphism for homotopy groups (sets) in dimension > 1.

Proof. We denote by Maps(M”, N), respectively Maps(M”, ¢, N), the space
of all continuous maps from (M, IM), respectively from (|M"|, d|M"|), in (M, IM)
which are identity on N, respectively agree with ¢ on N, endowed with the com=
pact open topology. The right composite by t~1 defines a homeomorphism
between Maps(M”, N) and Maps(M", ¢, N). We consider the following diagram
whose lines are Kan fibrations.

IRYM™, N; M™) P 5§ Maps (M, N)
te , I
OR4M™, N; M™) P > S Maps (M, N)
ty »d ty 1(isomorphism)
IRPA(|M7|, |N|; M")—F— 5 S Maps (M, ¢; N)

It is clear that the lines of the diagram

W ORM™, N; M 25 Homeo (M", N)
of 1 I
R4, p?
(20 “RM", N; M") — 5 Homeo (M, N)
I el
3) ORe amn, N, N")*——> Homeo (M®, N)
are the pullbacks by Homeo(M”, N) C Maps(M®, N) of the fibrations p°, pd, ty 1,
p??, as also that (1) and (2) are principal fibrations with fibres 9R***(+++). This
implies immediately (1) and (3) if we notice that in square I all the complexes
are groups and all the maps group-homomorphisms, as also (4). If we carefully
regard the square II and recall that 9R4(...), 9R4(. - ) and Diff(M", N) operate
freely on °RP%(-+-), *RP?(-.-) and PD(M", N) and these operations are compatible
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with the maps p? and £5! « pP?, we check (2) also. Q.E.D.
We also have the following commutative diagram (Figure 4)

d ‘
Diff (M, P) e > 5 Diff (M™, OM™)
u’d
PD(M™, t, P?)— >PD (M%, t, oM™)
vl
PL(M], |P"])— | — >PL (M7}, |M7))
Y ut Y
Homeo (M", P?) > S Homeo (M", dM™)
Figure 4

(YY) . . o . o« o . .
where u  are thé obvious semisimplicial inclusions.

Proposition 1.5. 2%, u??, u?’, u* are bomoto equivalences.
pos ’ » ’ y

Proposition 1.5 follows from the unicity of tubular neighborhoods (here called
neighborhoods) with parameters and Lemma 1.2 (see also BD.

We also should notice that for N any compact differentiable submarifold of
M" we have

Proposition 1.6. If k>n -1 then

Diff (M?, N*) w? > S2Diff (M", N*)
Homeo (M?, N’“)—u‘—>$ Homeo (M, N*)
PD(|M7, N")___"'f___>po (M™, N®)
PL(M|™, |N"|)—'ifl—> PL (M|, |N%])

are bomotopy equivalences.

2. Fibrewise smoothings. A topological, respectively pl smoothing on *x M
~
is a differentiable structure 6 on the topological manifold I*x M (one forgets the
~
differentiable structure of I* x M), tespectively a differentiable structure 6 on the
. koo ko Mid xe] gk Ny el s . .

PL manifold I* x {M|, so that I® x |M| __1(1 x M)g is a differentiable triangu-
lation.

Definition 2.1. A smoothing 0 on 1*x M is called a k-topological fibrewise
smoothing, respectively a k-pl fibrewise smoothing, if
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(1) 0 is a topological, respectively pl, smoothing,

@) p: (I’c X 'M)a - I", the first factor projection, is a differentiable submer~
sion.

(3) The differentiable structure induced on 10} x M is concordant to the
initial differentiable structure of M.

Remark. If K is a differentiable submanifold of I" p~1(K) is a differentiable
submamfold of (IF x M)a, respectively of (I* x |M|)9, which will be denoted by
(K x M)e, respectively (K x I'IWI)G.

I is easy to see (using smoothmg theoty for topological manifolds [18] and
for pl manifolds [16]) that (¢ x M")e and (0 x M" )g» respectively (¢ x I'M"De and
(0 x |M |)g» viewed as differentiable structures on the same topological manifold
'M s ni 4, respecuvely pl manifold |M|, are concordant. Therefore, for any a, <
al < a,< a?< a, and ¢ € I* one can find a differentiable embedding ¢: M e
s} x M")e (n £ 4), respectively ¢: Ma2 — ({2} x |M"|)9, so that ¢(Mal)C
It M, and M ;Ch(M, ), respectively ¢(M ) C Inth | and [M Jc

l+1
Int ¢(M X Tlns means Theorem 2.1 below is true for & = 0 (i.e., I° = {O}).

Theorem 2.2. If 6 is a k-topological fibrewise smoothing, n# 4, Sorn=75
and OM’ = S4, respectively 0 is a pl fibrewise smoothing and 0< a, < al < s,
then there exists a differentiable embedding

g: lEx M  —> (I"xM)a

\ /
so that

(W) 0* x M_)Cnc I x M, I"xMalCht¢o(l'°xM X
3 a
) ¢@10} x M I)\ {0} x IntM is homeomorphic to oM x [0, 1] respectively

pd homeomorpbic to d|M| x [0, 1]
E)N

g 1 < 101 My = 0% x {0} x M)

1* x o}

is a differentiable embedding compatible with (1) and (2), then one can choose ¢
sothat ¢|I¥ x10}x M | = .
a

Remark to Theorem 2.2. One can replace ¥ x {0} in (3) by I* x {0} U I¥ x
{1} uio} x I*-¥,
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We will prove Theorem 2.2 only in the topological case; as the proof is
entirely formal the reader will have no difficulty in completing the proof in the
pl case.

In order to prove Theorem 2.2 we need Propositions 2.3 and 2.4.

Proposition 2.3. Let

Y, b2 I* x Ma—-—>(l" X M)a
Ik

be differentiable embeddings so that

(1) (1* x M) C Ine Y(1* x M),

2) Y(x} x Ma)\'Int ¢@x} x M,) is diffeomorphic to IM, x [0, 11 for some
x €I,

Then there exist a differentiable embedding

~
é: I* x Ma,-—_>(l*‘ X 'M)e
Ik
a'>a, extending ¢ and a diffeomorphism
. k
bilEx M ,——>1*x M,

N’

~
sothat ¢ - b~ =y,

Proof. Consider

-1 k k
Y=y~ e p: I"x M, ——>1"x M,
\Ik/

which by hypothesis satisfies y(I* x M,)C Int I* x M_. The differential ambient
isotopy theorem gives a diffeomorphism

o: IkxMr——>lkxMa

N
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sothat 8 - (Id xy, )=y and §_ = id where §_ and y, denote the restrictions of &
and y to {x} x M,. We use again the hypothes1s namely {x}x M a,\y({xl x M )
is dxffeomorpluc to OM_x fo, 1], and extend y,_ toa dxffeomorphxsm y tM,,

,sothaty M, = =Y, Wetake¢ Y8 (1dxyx),andb 8(1dxy ).
Q.E.DO

We denote by 1, = [1/4,3/4), 1, = [0, 3/4]and I, = [1/4,1].

Proposition 2.4. Let

G 1Ex I, x My (1E x 1 x M)

N

xl.

i=1,2, be two dz//erentuzble embeddings such that the restrictions ¢ .=
¢ | Ik xIygx M, satisfy

M) gy x Iy xToe MO Ex [ox M, , o <a,
l

@) by x Iy x M )ClkxloxlntM a,>a,

3) ¢(1)(l x Iy x Mp)C Int¢(2)(l x I xM »A

(4) there exists y € I* x Iy with ¢, @Ay} x Ma)\¢l(1y! x Int M,) diffeomorphic
to dM,x [0, 11.
Then, there exists a differentiable embedding

r I M——> (11 x W)

<

Ik+ 1

so that
k +1 k41
@) It xMalCIntt//(l + x M),

@) YU** x M) C Ine(1* 1 x M, )
G) ¢ |1*x [0, 1/4]1x M, = ¢, | ¥ x [0, /4] x M,,

@ ¢ 1*x [3/4,11x My = ¢, + u| I* x 3/4,11x M,,
with

u B x Iy x My ——-1*x 1, x M,

k
lxlz
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The hypothesis is illustrated in Figure 5(1) and the conclusion in Figure

5(2).

P
,v-—'
" IS PO
M, | E
2 1
M 1 “—1
a 11 3
1 14 4
A
ll |
L —
N\
91(1"x [XM) ¢z(xkx LxM)

/\.-——' (-\ \lﬁ(IleXMc)

Figure 5(2)

Proof. We consider ¢(l)and é @) and remark they verify the requirements of

Proposition 2.3 for LS L I, and y = x, hence there exist a'>a, the dif-
ferentiable embedding

~
?,: l"xloxM&,——>(1k xloxmg
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and the diffeomorphism

b: l"xloxMa,—>lkxloxMa

k
leo

~ ~
so that ¢, | I* x IyxM, = ¢(l)and b, = ¢(2) * b. Because we can extend b to a
diffeomorphism

Bel*x B, 1x M j——>1*x [%, 1] x M,

1 x %, 1]
~
we can extend ¢, to a differentiable embedding

&
@, 1* x I, x Ma——>(l'° x I, x 'M)e
\’k

N - e
taking ¢, =, * b. Clearly ¢, and ¢, define a differentiable embedding

xlz

Br:Ex Ix Mg U TEx B4, 11 x M_, ——>(I* x Ix W),

N

6&,k+4 x Maf-——_%>lk+l x Mal

/

’k+l

We choose

a differentiable embedding so that &|I*x [0, 1/4]x M, is the canonical inclusion,
£+ x M) 2 B4l M,, and

& 1*x[3/4, 11 x M, —>1* x[3/4,11x M_,

1* x [3/4, 1]

is a diffeomorphism. We take i = El + £ and check that the required conditions
are satisfied.
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In order to facilitate the reading of the proof of Theorem 2.2, we recall the
topological ambient isotopy theorem (as in [18, p. 145]).

A.LT. Let C be a compact set of a topological manifold M without boundary,
U a neighborhood of C in M and

b I x U——>1%x M
\’k/

a topological embedding. Then, there exists a homeomorphism

g ¥ xM—>1%x M

N

I

such that g, =id, g, agrees with g,, outside of a compact set and g, b, agrees
with b, on a neighborhood of C (by 8, respectively bz’ we denote the restrictions
of g, respectively b, to {t} x M).

Corollary 2.5. Let a; < al < a,< a?< a,. There exists a differentiable
embedding

d: 15 x M 2 —>(IkxM)e

a /
\Ik
such that

1) *x M, C(n FxMp i=1,2,
(2)¢(Ik><M )ClkxlntM ,1—1 2,
3) ¢yl x M 2)\(y x Int M ) is homeomorphic to OM, o, ¥ [o, 1],
@y} x M, )\¢({y} x Int M 1) is bomeomorpbzc to oM, a, x [0, 1] for some y.
Moreover, given ¢ ({yl x M 2) — (dyl x 'It‘i)o compatible with (1), (2), and
(3), one can choose ¢ so that d)[({y} X Ma )= ¢y

Remark. The topological ambient isotopy theorem implies (3) is true for any
y as soon at it is true for one y. Theorem 2.2 and Corollary 2.5 will be proven
simultaneously. For that, we denote by A, the statement of Theorem 2.2 for
fixed M, 6, k and arbitrary o, ,al, a, and by B, the statement of Corollary 2.5
for fixed M, 0, k and arbm-ary a,a, as,oLl a . We will show that A, = B,
and B, =4, ,
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A, = B,: Given @, <a!<a,<a?<a, according to A, we can construct
two differentiable embeddings

b 1Ex M | —-(1* x W),
a

N

¢,: (1% x Maz)——>(l" x Mg
\L,h/

. 1 . 1 2 . 1
with a,,a’, a, instead of a,a,a, and a,, a%, a, instead of a;, @, 0,50

that ¢,(0} x M P NIne ¢, (10} M ,) is diffeomorphic to oMy x [al,‘ a?l. ¢, and

é,° k, k = id x diffeomorphism M ; — M ,, verify the conditions of Proposition
a a

and

2.3 for x = 0; hence we can construct

é: 1* x Maz — > (I*x 3‘)9

N

with ¢|I*x M | = ¢, and $(I* x M ,) = ¢,(I* x M ,) and B, is proved.
a a a

R 1 2 .0 1 2
Bk"AIul' Fix al<a <a.3 and choose a,,a with a <a2<a <a3.

Consider I**! = [* x I and for any ¢ € I choose

Bt (1% x {e}x M ;) —>(* x i x Mg

1* x {8}

differentiable embeddings according to B,. As the first factor projection

p: (I**! x ﬁ)e — 1%+ is a submersion we extend b to

~
th: 1% x [t~ te, ¢t +t‘]XMa2 (% x [t %, t+ td x M)y

Fx[t-"et+

a differentiable embedding. Using the compactness of [ = [0, 1], we find an N
and 0< ¢ <t <++=<ty=1sothat ie-e has the property [, — €y, + €12
[tl-l’ tu}l]

We will define inductively
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& Moy x 1% x [0, 2] ——> (M x *x o, 1),

I* x [o, t!.]
so that i¢ satisfies the conditions required by A ksl and i¢|I’° X [ti - € ti] X
M,= ¢i o bllk X [ti - € ti] x M ;, € small enough, where qSi = '¢ with ¢ = ¢, and
a a

b: 1* x [’i-l -6 ti] xM —+(Ik,x [ti_, -6 ti] X M)g
a

Nt

is a diffeomorphism. Assume ;¢ defined; we wish to define i+l¢ on I*® x
[o, ‘i+1] X Mal. We notice that ;¢ and ¢, ; o (id x §) (instead of ¢(1) and qS(z))

satisfy the conditions of Proposition 2.4 (with t;~ eand ¢ instead of 1/4 and
3/4) with S any diffeomorphism from M , to M ,. Hence one can construct
a a

k
a8 10, £, I x My —— (" x[0, 2,1 x M)y
I* x lo, t,._,_l]

with i+1¢'equal to ,é on I* x [o, t,—elx Ma'1 and i+l¢' equalto, , - u (see
Proposition 2.4) on * x [tl., ti+l] x M ;. Figure 6(1) and 6(2) suggest the con-
a
struction of 4.qu'.
Figure 6(1) Figure 6(2)

[ [

. A'c_\
/ N °“s-¢:¥ "---~'..\
M l MM i
a3 ) 1 /
\ PPy

*x [t.-e,t. .. ]XM
"m' 175 ol
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Ve change +1¢' into ; +l¢ taking i+l¢ = i+l¢' - 7 and choosing a differen-
tiable embedding

k .
7 00, 8 Ix M | ——> I* x [0, til X My

Ikx[O, ti+l]
so that 7|I* x [0, tIx M lsid, i+l¢'-7,(1"x i, z+1]XM

¢i+1(’k xlt; - ]x M l) as indicated in Figure 6(3).

1+l

Figure 6(3)

It is clear that we can start with

0p: 1* x {0} x M, —— (% x {0} x M),

\I" X {01/

with o¢>|I’°'>< {0} x M , =4 as soon as °¢ is compatible with (1) and (2).
Because 4 is true, ’as we have shown at the beginning of this chapter; by
mducuon one obtains “‘A is true” for any k. We need n£ 4,5 or n=35 and
oM’ = §* to conclude from “L=o¢xix M )\¢(htdx} x M_)) is homeomorphic
to OMgx [B,0]"" that L is also dxffeomorptuc to Mg x B, a] This is always
the case if L.is pd homeomorphic to d|M /3[ x [B, al (via the classical smoothing

theory). Q.E.D.
The condition for 7 = 5, that OM = §* is not essential, but the argument

requires a modification which we sketch: Let I, i =0, 1, 2, be as in 2.4 and
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fix x € I*, Suppose we are given differentiable embeddings
éy: 1 x I* x M, » (I x I* x me, and ¢,: I, x I* x (Int Mp)a - (1, x I* x Mﬁ)g,

commuting with projection, where (Int M ﬁ)e =(IxxxIntM p)e and
é,l(1 xx xTnt M g) = inclusion. Assume further

M) Uy x I xTae M) x Igx M 4, 0y <a,i=1,2,

@) ¢, Uy x IFx M)C Iy x IF x Int My s B0 x 1% x Tt M) C Iy xI* x
Int M“z’

3) ¢, Uy x IF x M)C Int ¢, Iy x IF x M),

“4) ¢,: {0x 0} x oM, —10x 0} x M - M"l) is a homotopy equivalence,

(5) ¢,y x ¥ x Mg )C Igx *xM,a,<a,.

a,>a,

Then by the lemma of Chapter 7 of [17] quoted below, there exists for any ¢ € I,
a differentiable embedding A: M I (Int M /3)6 such that A(Ma) oM " and qSZ o

A xA)(exxtx M)~ qSth x x} x Int M,) is diffeomorphic to M, x [0, 1].
(Note qS;'qSth x x} x OM,) C {z x x} x (Int Mg—Int Mao)ﬂ‘) Hence if we replace
¢, by ¢, °( xA)and sety =t x x, all the conditions of 2.4 are satisfied.

Now replace home omorphic in (2) of Theorem 2.2 (3 of Corollary 3.5) by
diffeomorphic. Then in the proof of B, =>4, | we take !d to be an embedding

th: {th x IF x (M ) — A x I* x M)g, where (M ,)g= QexxlixM 5)g» Some
a a ~ a
x € I* and ‘¢|dt x.x} x Maz) is inclusion. We change ‘¢ similarly to obtain the
conditions above.
Lemma (Chapter 7 of [18]). Let M", n > S, be @ smooth manifold. Let M be
bomeomorphic to K x R, where K is a closed connected topological manifold. If

there is a smooth submanifold N"=1C M, such that N is a deformation retract of
M, then M is diffeomorphic to' N x R, with N corresponding to N x 0.

Theorem 2.2'. Under the bypothesis of Theorem 2.2, there exists a diffeo-
morphism

é: 1% x M ——> (1% x M),
Ile

Proof. By applying Proposition 2.3 inductively where a =1, 2, 3,+++ and
taking (I x M ) *x M , (Which we can do by Theorem 2.2), we can extend ¢
in Theorem 2.2 step-by-step to the required diffeomorphism.

We can remove the restriction that M= M U oM x [0, ) and consider the case
of any connected open smooth manifold M. In fact, M = U:.l M,, where M_ is a
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compact connected smooth manifold with boundary with M, C Int M&I. Suppose
that by Theorem 2.2', we have obtained a diffeomorphism ¢ 1k x M, —
(I" x M )9, where m is a collar neighborhood of M in Int M RY ’I'ben by
applying relative smoothmg theoty, for any t € I* we can extend b, ¢ x M,), to
a diffeomorphism of ¢ x M a4l ONLO (t x M" 1)9. Now the construction of Proposx-
tion 2.3 and the proof of Theorems 2.2 and 2.2’ result in a diffeomorphism

n+l’ I* x 'l\ﬂ — (I* x 'M’”l)e which agrees with ¢ on I* x M,. Hence by
induction on n we get:

Theorem 2.2". Let M be any smooth connected open manifold. Let 0 be a
smoothing of I* x M such that the projection p: (I* x M)g — I* is a smooth sub-
mersion, and the smoothing ((0)x M)g is concordant to the given smooth structure
on M. Then there exists a diffeomorphism

G lExM - (lkxM)e

1k
4
From Theorem 2.2".we get

Theorem 2.6. Let E™** and B% be smooth manifolds and p:E — B a
smooth submersion so that

(1) p is a topologically locally trivial fibration,

(2) n £ 4.

Then p is a smooth locally trivial fibration.

Remark 2.6’. If p is a proper map, the conclusion holds without conditions
(1) and (2).

Remark 2.6". If we replace (1) by

(1') p is a pd locally trivial fibration,
then (2) is superfluous.

Proof. I is clearly sufficient to prove 2.6 when B* = I%. But this follows
from 2.2".

3. The homotopy groups of (E!, E?)and (E?9, E?). The aim of this chapter
is to prove Corollary 3.2.

Theorem 3.1. (a) The natural inclusion
(Im® (M7, N™), E4M™, N™) <& (Im‘(M7, N™), EXM”, N™)
induces, for any basepoint (i.e, O-simplex) x € In“(M*, N*), a bijective map
rri(]md(M" , N™, E4M™, N™); x) - n'.(lm'(M" . N™), E{M™, N™); x)

(f n & 4); Gif i >2 then x has to be in E(M", N™)).
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(b) The injective semisimplicial map
*: (Im?(", N, E4M7, N™) < (ImP4(M™ |, N™), E?4(|M" |, N))
induces for any point (i.e. O-simplex) x € In®(M", N*), a bijective map
7 (Im¥(M", N"), E4M", N™); %) — = (ImP4(M", N™), EP4(M™, N™); {*x)
(if i > 2, x bas to be in E?),
Corollary 3.2. (a) The natural inclusion of pairs
(E4M*, N™), EA(M*, N™) & (Im'(M*, N™), In“(M", N™)

induces for any basepoint (i.e., O-simplex) x € Ed(M", N") a bijective map (for
alli>1)

m (EXMT, ™), E4MP, N7); 2) — (LM, N, T, NP); )
(if n £ 4).

(b) The natural inclusion of pairs
(E*4(|M"|, N™), *E4M?, N™) & (Im?¥(| M7, N?), (M7, N™))

induces for any basepoint (i.e. O-simplex) x € t*Ed(M", N") a bijective map for
i>1

m(EP(| M7, N™), F(EAM?, NP), x) — 7 (ImP(| H°|, N™), STm¥(M7, N", 2),

Standard exact sequence-arguments with special case for i =1 show that
Theorem 3.1 implies Corollary 3.2,

The proof of Theorem 3.1 is a formal consequence of Theorem 2.2 and of the
ambient isotopy theorem (denoted by A. L. T.) in the topological case and pd case.
The topological A. I. T. has already been stated in $2 and the A. L T. in the pd
case follows combining the A. L. T. in the pl case ([14, p. 154] and the Whitehead
triangulation as in [21] or [26]).

We will prove only Theorem 3.1(a); the proof of (b) being almost the same
with the only.difference that one uses the A. I. T. in the pd case instead of the
A. L T. in the topological case.

Proof of surjectivity. We can represent an element of nk(lm’( ), Ef(), %) by
a topological immersion

o: ALkl x M ——> Al x N

Al#]

so that 0, the restriction of o to {#} x Misa topological embedding for any
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t € A[k]. Obviously one can extend o to a topological immersion
G: P xM—>*x N

N,/

with 5|Alk]x M = 0 and 3, a topological embedding for any ¢ € I*\Int Alkl. One
considers the following commutative diagram

Pl =25 (BxMy —Z 5 FxN

’Ie

where 0 represents the topological fibrewise smoothing induced on * x M by a.
~ ~

id[{0} x M is obviously a differentiable embedding because o|{0} x M is. Accord-

ing to Theorem 2.2 we can construct a differentiable embedding

o: Ex My—> (Fx W),
1

o

with ¢ = ¢[{0} x M“l =id. Applying the A. L T., we can find

B lExM—s FxM
N

with b « (id x ¢,)|1¥ x M, = for any @, <a,, and because by = id we can find

a family of isotopies

bs:l”'x'M——>lkx'M

N

s € [0, 1], depending continuously on s with bj = id, p°=id and B! = b.
We consider then 6° =0+ b°|A[R] x M,
2

o°: ALk] x Ma2—> ALk} x N

Alk]
It is clear that af is an embedding for any ¢ for which G, was, because b‘: and
o, are embeddings, 0% = og, o= o, and o! is a differentiable immersion. Hence



HOMOTOPY TYPE OF THE SPACE OF DIFF EOMORPHISMS. I 27

o' represents the same element in 7 (lm‘( ), E(), x) as 6° and at the same time
it represents an element in 7 (lmd( ) Ed( ) %)

Proof of injectivity. For sunphcxty we will prove the injectivity only in the
case k> 2 when nk(lm( ) E(), x) is a group; the reader could complete the proof
for k =1, using the Theorem 2.2(b) and the remark to Theorem 2.2 ", Consider

o: Alkl x Q ——>-Alk] x N

\A[k]

a differentiable immersion representing an element in nk(lmd( ) E4 (), x), i.e. Q
isa nexghborhood of M in M and 0,: 0 — N is a differentiable embedding for

te€ A[k] Assume o represents in 7 (Im'( ), EX(), %) the trivial element. This
means there exist

o: Ix AlRl x Q' ——>-Ix A[Rl x N

Ix AlZ]

a topological immersion, with G,: Q'—N an embedding for any ¢ € I x A[k] v
{1} x Alkl,and Q'a nelghborhood of M in M so that 5[0} x Alk]x 0" = 0| Alk] x
0", 0" being a neighborhood of M in Q N Q‘. One can always assume Q" diffeo-
morphic to M. One chooses

L

Ik+l X m "ﬁ/

Ik'{'- 1

Qi

so that 3|I x Alk] = G and 5|{0} x I* is a differentiable immersion and & |I'
(I'G - Int A[£]) is an embedding.
One considers

’k+l M (’k{-lxm ———>Ik+l N

Ik+l .

with € the topological fibrewise smoothing induced by G; clearly id|{0} x M is
differentiable of maximal rank, and applying Theorem 2.2 one can find

I 1y Mm——>(l’e+l X M)@

Ik+ 1
a differentiable embedding such thac / and *‘id’’ agree on {0} x I* x M,. Ve take
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0=5-1 ALR] x M,——> ALkl x N
\A[k]/

which is a differentiable i lmmetsxon and notice that o o M — N is a differenti-
able embedding for any ¢ e Ix Alk) U {1} x Alk], because G,yand I, are imbed-

dings. The existence of P proves the triviality of the element reptcscnted by o
in m,(Im?(), E%(), x). Q.E.D.

4, The main theorems. As in the previous sections, let M” be a compact
differentiable manifold with or without boundary and t: |M”?| — M" a differentiable
triangulation. If OM" £ @ this means ¢ |d|M?| — IM” is also a differentiable tri-
angulation. Assume now NP isa compact differentiable submanifold of M", (In
this case the triangulation ¢ is assumed to have the property that t~'(NP)is a pl
submanifold of |[M"|.) In what follows N will be either IM” or an (n - 1) differ=
entiable submanifold of dM" or an n-dimensional submanifold of M” so that
OM” C N. TIn this section we will prove the Theorems 4.2, 4.5 which will become
the key facts of our study. To simplify the writing we let
S Homeo(M", N)/S“Diff(M", N) = TDM and PD(M", 1, N)/s°Ditf(M", N) = PID™.

Definition 4.1. f: X — Y is called an IHE-map if it induces an injective
correspondence for connected components and an homotopy equivalence on any
connected component.

Theorem 4.2. If dim N > dim M -1 there exist basepoint preserving maps
it: {TDM} — TN(P!, °PY; s)and i*l: {PiDY} — TN(PP!, 9PPL; 5) s0 that

(%) if n # 4 then i': {TDM }— Pa"(P‘ s)= I‘aM(P' "P‘ s) is an IHE map;

(") if OM=@ and n # 4 then i t {TpM" } = (P, s) is an IHE map;

(3*) if N*~! is a compact submanifold of OM™ and n £ 4, 5, then i': {TDM }
—INPt, P!, s) is an IHE-map;

(4%) if L™ is a compact differentiable submanifold contained in M"\N then
the diagram

(o " —soL(pt, )
I

" Y2
{TD%} — V(P aP‘, s)

is bomotopy commutative, where y‘l, respectively y'z, are defined extending by id
outside L, respectively extending by s outside L.
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a?’y: ! {pip" 3 — TMP?!, 5) is an IHE map,

@PY: if M=, *':{PIDM} — (PP’ 5) is an IHE map,

Y if N isa compact submanifold of OM” then i®": {PIDM! -
(PP, °P?! 5) is an IHE -map,

(4*": if L” is a compact differentiable submanifold contained in M\ N
then the diagram

PiDL" } s TIL(PEL, o)
JL

l

A | "

Py 5 TN(PEL, OPLE, o)
with y‘l’l and yg' defined in the same way as y| and y}.

Firstly, we notice that according to Proposition 1.6 it suffices to prove
Theorem 4.2 for TD = Homeo(M”, N)/Diff(M", N) instead of TD andfor P/ DM
Pp(M™, N, t)/D1ff(M" N) instead of PID}.

It is also easy to identify R‘(M?, N; M")/°R%(M", N; M") in a natural
way to a union of connected components of srN (P P!, s) and
SRP4(|M™|, |N"|; M™)/°R4(M™, N®, M™) to a union of connected components of
srN (Pf"’, appl & s) (up to a homotopy equivalence).

To see this, let TM be the tangent vector bundle of M and |TM| its underlying
topological R™-bundle.

1. RY (M, M)/ R%(M, M)) is in 1-1 correspondence with vector bundle structures
on |TM| which are equivalent to TM.

In fact, if f: |TM| — |TM| is an R"-bundle representation over the identity,
i.e., an R"-bundle equivalence, there is a unique vector bundle structure |TM| /
on |TM| such that f becomes a vector bundle equivalence. Further, if g: TM —
TM is a vector bundle equivalence, then |TM| I and |TM| ; define the same vector
bundle structure on |TM|; i.e., id|ry|* lTMl — |TM| ; is a vector bundle
equivalence.

Conversely, given a vector bundle structure |TM|, on |TM|, vector bundle
equivalent to TM; i.e., there exists f: |TM|, ~ TM; then considered as an R"-
bundle equivalence, f: |[TM|— |TM| is well-defined up to a vector bundle equiva-
lence g: TM — TM by a.

2. Vector bundle structures on |TM| are in 1-1 correspondence with sections
of Pf" (see Steenrod, Fibre bundles).

Now let F(P;a) be the space of sections of P;'1 and PO(P;’) the components
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corresponding to vector bundle structures equivalent as vector bundles to TM.
Let SP‘(P:J) be the singular complex. A kesimplex of R‘(M, M) defines a cross-
section of A, x P}; i.e., a k-simplex of ST (P},), which is unchanged by compo-
sition with a k-simplex of R%(M, M). Conversely, a k-simplex of SFO(P;,) defines
a vector bundle structure on A, x |TM| and*hence a k-simplex of R'(M, M) mod
R%(M, M) by (1) and (2).

Proposition 1.4 gives the semisimplicial maps

584, Homeo(M?, N)/Dif(M?, N) — ORYM", N; M™)/9RM, N; M™)

and

s04:4; PD(M", N, 0/Dift(M", N) — ORP4(| M|, |N|; |M7))/ORAM, N; M7).
If we denote by 4% and u** the natural maps (see Proposition 1.6, S1)
24: TD¥ — TDM and u?®; PID¥ — PIDN and by v respectively % their
homotopy- inverses (recall dim N > dim M - 1) then we put i’ = PXCNLL I L
8?44 . P9 Having in mind Proposition 1.4 (with all points 1, 2, 3, 4) we
obtain easily the points (1°), (17 h @, @ ly (3%, (3%%) as soon as we have
proved Proposition 4.3 below. (To show injectivity on connected components we

use standard smoothing theory as presented in [18l.) The points (4") and (47"
follow from the naturality of & 44 and 5749,

Proposition 4.3. (1*) If N = OM” £ &, n £ 4, then for any basepoint x €
Diff(M", N) the map of pairs

8t: (Homeo (M?, dM™), 0 Diff (M?, dM™)) — (RUM?, IM?, M"), ORA(M?, IM", M™))
induces an isomorphism for homotopy groups (sets)m; i > 1.

(1?Y) If N = OM™ £ B, then for any basepoint x € Diff(M", N) the map of pairs
804 (PD(M?, IM™), 1, Diff (M, OM™) — (R4 7|, 8| M7, M™), L, RUM", oM™, M)

induces an isomorphism for homotopy groups (sets)m;, i > 1.
(") If N=0M" =&, n# 4 then for any basepoint x € Diff(M") the map of
pairs
&': (Homeo (M™), 6 Diff (M™) — (R(M", M"), ORUM", M™)
induces an isomorphism for homotopy groups (sets)m, i > 1.
@PY) If N = OM™ = &, for any basepoint x € Diff(M") the map of pairs

824; (PD(M™, 1), 6 Dif (M) — (RP4(|M?|, M™), ORA(M?, M™))

induces an isomorphism for homotopy groups (sets)m;, i > 1.
(%) If M™ £ B4 N*~1 is a compact differentiable submanifold of OM™, n #
4,5, then for any basepoint x € Diff(M") the map of pairs
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8*: (Homeo (M", N), 0 Dif (M", N)) — CRUM™, N, M"), 6OR4(M", N, M™)
induces an isomorphism for homotopy groups (sets)m;, i > 1.
(3% If oM™ £ B, N*~! and x € Diff(M™) as in (3%),

0% (PD(M, N; 9), ¢, Dief(M, N)) — (ORP4(| M), |N|; M), £, RAM, N; M)
induces an isomorphism for homotopy groups (sets), m,y i 2 1.

Proof. (1%)and (17 l) follow by combining Theorem 1.1, Corollary 3.2 and the
remark Diff(M", P™)C Diff(M", oM" ). Homeo(M”, P")C Homeo(M", IM™) and
Pp(Mm®, t, P*)C PD(M", t, IM™) are homotopy equivalences which follow, for
instance, from Propositions 1.5 and 1.6.

To prove (2!) we let M’l‘ = M"\ Int D” and consider the diagram

(1) Homeo (M7, OM]) ——————— > Homeo (M?) ——— > E{(D"?, N")

(2)  Diff (M7, OM?) ———> Diff (M") —————>E4(D", M"

¥

(3) RUM}, oM}, M) — | —RHM?, M")————|->R'(D", ")

7]

) RAM, OM%, M) —>RAUM", M")——————>-R4D", M")
where all the lines are Kan fibrations, (1), (2) by the ambient isotopy theorem and
(3) and (4) by elementary homotopy arguments. It is well known that E‘(D", M")—
R'(D", M") and Ed(D" M*) — Rd(D M™) are homotopy equivalences,

Because 7,(0,)=n(Top )for i=0,1and n>1 we derive 7 (E'(D" M),

Ed(D" M™), x) 0 for any x € Ed(D" M®). Therefore, using (1‘) we obtain (2°),

the proof of (22%) is exactly the same.

In order to prove (3') we denote by M"" the differentiable manifold
oM™\ Int N*~! and consider the followmg commutative diagram

(1) Homeo(M?, IM") — > Homeo(M?, N*~ 1) ——)Homeo(M'i'l, GM'{'I)

(2) Diff(M*, IM™) ——>-Diff(M7, N*=1) -l——wiff(w;-', oM™=

3 IR, amr, i) — | TR, N, M) — | > OReu=1, =)

@) ORYM, 3", MM — 5 ORAM?, N*, M) S ORY MY, aMnm, mnm Y
Figure 7
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All the lines are principal fibrations for obvious reasons (all the semisimplicial
complexes are groups) and all the maps group-homeomorphisms, etc. This dia=
gram induces the obvious commutative diagram

(1) Homeo(: « «)/Diff (- « « }—>Homeo (+ - )/Diff (- « « )—>Homeo (- « + )/Diff (. « )

X1} 8". o0 e
81 2 83

(2 ORU ) /ORH o ) ——3IRU- ¢ )/OR(. « ) ——IRK. + ) /PR - 1)
Figure 8

with (1) and (2) Kan fibrations. 8;" and 83 induce an isomorphism for all homo-
topy groups m,» i>1, by (%) if ON £, or by 1*)and (2°) if IN =& . We then
obtain 8, induces an isomorphism for all homotopy groups in dimension i > 2.

The isomorphism for 7, follows as soon as we prove ;" induces an injuc-
tive correspondence on connected components, but this is the case according to
standard smoothing theory as in [17].

The proof of (3° h goes on the same lines, namely we consider the correspond-
ing diagram with 9R? d(- «+) instead of °R(-++). The line (3)in F igure 7 will be
replaced by

ORrd(...) —»IRP4(...) —IRPH(...),

which although it is not a principal fibration is a Kan fibration. The correspond-
ing diagram to Figure 8 still makes sense because Rd(- «+) operates freely on
RP%(-+-) as indicated before. Q.E.D.

Remark. For a pl manifold |M”| we can get a similar statement in comparing
Homeo(- + -)/PL(: - <) with T'(P%?), s) in which case P*?! denotes the
iTop" /4 PL"} bundle associated to the princiapl topological tangent bundle of
|M?|. This proof goes exactly in the same way as in the case top-diff. We did
not pay special attention to this case because we are not particularly intérested
in it.

Theorem 4.4. (a) Diff(D", dD") is homotopy equivalent to Q"* 14 PL"/ Onf)
as topological groups.

) If n £ 4, Diff(D", dD™) is homotopy equivalent to Q"*ldTopn/O"l) as
topological groups.

(c) Diff(D", D':,")zls bomotopy equivalent to QY*(EQ PL"/Onl, {PL',_I/O"_IL %)

@) If n £ 4, s, Digf(D", D:'l) is homotopy equivalent to
Q™E(RTop,/0,},{Top,_,/0, .} %))
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Recall that for a pair of topological spaces (B, A), A C B, one defines
E(B, A, x), x € A, as the space of all continuous paths f: [0, 1] — B with f(0) = »
and f(1)€ A,

Proof of Theorem 44. Tt is clear that (because D" is parallelisable) I'(P")
identifies to Maps(D”", {PL_/0_}) with compact open topology. The Section s

via this identification is the constant map. Therefore l"sn(P') identifies to
Maps(D", dD", {PL"/O"}, x)= Q"¢ PL, /On}). From Alexander’s trick which
claims PD(D", dD™) is contractible, applying Theorem 4.2(1?%), one obtains an
IHE-map from B Diff(D", dD™) — Q"( PL_ /Onf, x) which sends the canonical
basepoint of B Diff(D”, dD™) into the canonical basepoint of Q"(:++). Then (a)

follows. Exactly the same argument establlishes (b).
Ne

D
We will prove now (d). Clearly I' * (P!, °P%, s) is a subspace of
!, "P’D n-1) Which identifies to the space of continuous maps (D", p*~1)—

(Top, /O;'}, {Top,_,/0,}). By this identification, the section s represents the

constant map. Then FD’:’-I(P', 9P, s) identifies to the space of continuous maps
f: (@", D" 1) > (Top,/0,},{Top,_,/0,_,}) with /|D':= s. Tt is an easy exer-
cise to show that this space identifies to Q"'IE({Topn/O"l, {Top,_,/0,_,}-
The same Alexander trick allows us to show Homeo(D”, D:) is contractible.
Following the same arguments as in the proof of (a) and (b) one gets (d). Exactly
the same arguments can be repeated in order to obtain (¢). Q.E.D.

Appendix to $4. In the introduction to this paper we have considered the
ii_m\p-licial groups (A-groups with the terminology of [22]), l’)Tf-f(M oM),
Homeo(M", dM™) and for a differentiable triangulation ¢: [M"| — M", the simpli-
cial complex (A-set) PD(M", t, OM™). D1ff(M, OM) acts freely on f’-ﬁ(M , Ly OM™)
‘Iz'y left composition. We can also consider the simplicial (A-sets) semigroups
R™'(M", OM™, M) whose k-simplexes are germs of bundle representations
o: Alk] x r°(M) — Alk] x #° (M) which restricts to identity on Alk]lx r|dM (to 5t
in pd-case) and are “‘face preserving’’ i.e., o(d; ARl x r*(M)) C d; AlR] x 75 (M),

Here r°(M) denotes the stable tangent vector bundlg, topologxcal microbundle or
pl microbundle; the condition to be *‘face pteservmg”replaces the condmon to

commute with the projection on A[#] m the definition of R’ (- o) R 4(...)and
'(- ++) are simplicial semigroups and Rd(o ++) acts freely on R’ (+++). There
are natural inclusions
(1) S Homeo(M™, IM?) < Fome o(M", OM™),
(2) SeDiff(M™, OM™) C Diff(M", IM™),
(3) PD(M", ¢, OM™)C PD(M", ¢, IM™),
&) RAM™, OM™, M) C RAM™, IM™, M™),
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(5) R(M™, OM™, M) C RE(M™, M™, M™),

(6) RPAM™, 1, OM™, M™)C RP4(M™, ¢, OM™, M™).

1), (2), (4), (5) are homomorphisms; (3) and (6) are compatible with the
action of SDiff(M", IM™) and Diff(M", IM™) on PD(M", ¢, IM™) and PDM", , IM™)
respectively, of R4(M™, ", M™) and RA(M", OM™, M™) on RP*(M", ¢, IM", M™)
and E’d(M", t, OM", M") respectively. The “‘derivative’’ maps gd, 5~ t S'pd are
also defined, gd and g ! being homomorphisms,spd being compatible with 8¢ with
respect to the actions of ’DTff( )and Ed( )on PD( ) and 'k‘pd( ). It is clear that
the diagram

Homeo (M*, IM™) 5 s R, oM™, M)

I
|

S Homeo(M"*, dM™) >RI(M?, IM?, M")

~ 3d ~
Dift(M", OM™) 3 > RA(M™, oM™, M")
59 Diff(M", OM™) > RYUM", OM", M)

and the corresponding PD-Diff diagram is commutative. We also have considered
the spaces of sections I'?M(P*, s) and T?M(P?!, 5) of the Top/0 and PL/O bun-
dles associated to the principal Top, and PL_bundle of M" and |[M"|. Because
of the theory of principal fibrations in the category of A-sets [21] still holds, we
can repeat “‘word by word”’ the arguments at the end of $1 and using the identi-
fication of R'(++)/ R%(-++) to some part of ST?M(P*, s)respectively of
STM(PPL 5) to some part of ST M(P?!, ), and we get the following homotopy
commutative diagrams:

Homeo (M, 9M)/DifE(M, OM) ST, g
!

§ Homeo(M, M)/s? Dife(M, oM) — 20 s sTOM(pt, )

PD(M, IM)/DItt (M, M) Fold o sTOM(BPL, )

PD(M, dM)/5? Ditf (M, M) pia > STOM(pl, o)

It has been shown in [2] (in slightly different words) that {67 bd} and {8"‘1},

~ ~
the geometric realizations of 8244 and & ”d, are homotopy equivalences (the
second only if n£4 ot S orn=35and OM> = S*). The Alexander trick, applied
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again, shows {flomeo(D", D™} and {PD(D", ¢, AD™)} are contractible. Therefore
we can complete Theorem 4.4(a) with the following

Theorem 4.5 (Ap.). There exist the following homotopy commutative diagrams

{54 pitf (D”, D™} ————> Q"+ {(PL_/0 )}

i I nn+ 1 in

{Diff (D", 3D")} ———> Q" {(PL/O)}

§? Diff (D", ID") —————0" (Top, /0 )

i 11 °n+ 1 in

Diff (D", 9D") ——————— Q™ (Top/0)

such that the horizontal arrows are homotopy equivalences for any n in diagram 1
and for any n# 5 in diagram IL. (j"denotes the canonical inclusions Top /O, —
Top/0 or PLn/On — PL/0.)

I~
Then Cerf’s results [5] imply = (Diff(D", dD™)) — = (Diff(D", D™)) is bijec-
tive and =, (Diff(D", dD™)) — =, (Diff(D", ID™)) is surjective as soonas n> 5,
hence we have

Theorem 4.6 (Ap.). If n> S, the natural inclusions

n n
]
PL, /O, _»PL/O and Top/O,— 5 Top/0O
induce for homotopy an isomorphism in dimension n + 1 and an epimorphism in
dimension n + 2.
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